POLAR ACTIONS ON HERMITIAN AND 
QUATERNION-KAHLER SYMMETRIC SPACES 



SAMUEL TEBEGE 

Abstract. We analyze polar actions on Hermitian and quaternion-Kahler 
symmetric spaces of compact type. For complex integrable polar actions on 
Hermitian symmetric spaces of compact type we prove a reduction theorem and 
several corollaries concerning the geometry of these actions. The results are in- 
dependent of the classification of polar actions on Hermitian symmetric spaces. 
In the second part we prove that polar actions on Wolf spaces are quaternion- 
coisotropic and that isometric actions on these spaces admit an orbit of special 
type, analogous to the existence of a complex orbit for an isometric action on 
a compact homogeneous simply-connected Kahler manifold. 



1. Introduction 

Let M be a complete Riemannian manifold and G a compact connected Lie group 
acting isometrically on M. A submanifold S C M is called a section if S intersects 
every G-orbit and is orthogonal to the G-orbits in all common points. An isometric 
G-action that admits a section is called polar. A polar action, such that the section 
£ is flat, is called hyperpolar. 

The first systematic study of polar actions on Riemannian manifolds began with 
the paper A general theory of canonical forms of Palais and Terng [PaTe 1987] . 
Nevertheless a special case, namely the hyperpolar ones, were considered a long 
time before. For example Conlon has shown that hyperpolar actions (he called them 
actions admitting a if-transversal domain) are variationally complete [Co 1971] . 
generalizing results of Bott and Samelson, who have proven that the adjoint action 
of a compact Lie group and the isotropy action of a compact symmetric space are 
variationally complete, these two actions being particularly simple examples of polar 
actions [BoSa 1958] . 

The case of polar representations has been analyzed by Dadok, who has classified 
them thereby proving that they are orbit equivalent to s-representations [Dad 1985]. 
Since the slice representation of an arbitrary polar action is again polar, this shows 
that the geometry of polar actions is intimately connected with the geometry of 
symmetric spaces. Actually most of the known examples of polar actions are given 
on symmetric spaces. Now all these examples on compact irreducible symmetric 
spaces of higher rank turned out to be even hyperpolar. The question whether this 
holds in full generality remains open, however the question has been answered for 
a large class of spaces. The first answer to this question was given on certain sub- 
classes of Hermitian symmetric spaces. Podesta and Thorbergsson have classified 
polar actions on the complex quadric making use of their result that in this case 
the action is coisotropic, meaning that the sections are totally real submanifolds 
PoTh ~2002] . The same idea was used by Gori and Biliotti for the complex Grass- 
manman [BiGo 2005] and by Biliotti for the remaining Hermitian symmetric spaces 
of higher rank [Bi 2006 . It turned out that polar actions on irreducible higher rank 
Hermitian symmetric spaces of compact type are hyperpolar. 
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Recently Kollross finished the classification of polar actions on symmetric spaces 
of type I showing that polar actions are hyperpolar on these spaces if they are of 
higher rank. In principle his methods should also work for symmetric spaces of 
type II but the computational complexity becomes quite large, so this case remains 
open. 

The first part of this paper is concerned with polar actions on Hermitian sym- 
metric spaces. The main motivation for us was to supplement geometric ideas which 
might be helpful in a conceptual proof of the fact mentioned above making use of 
the rich geometrical structure of these spaces. In particular our results are indepen- 
dent of the classification results of polar actions on Hermitian symmetric spaces. 
Especially the existence of a momentum map for isometric actions turns out to be 
helpful. Let H be a compact connected Lie group and recall that for a symmetric 
space the polarity of the iJ-action is equivalent to the integrability of the principal 
horizontal distribution 

M r -> M r /H, 

where M r denotes the set of regular points of the ii-action [PaTe 1988] . On a Her- 
mitian symmetric space the result of Podesta and Thorbergsson mentioned above 
implies that the principal horizontal distribution is totally real. We call a polar 
action on a Kahler manifold complex integrable if the complexified principal hor- 
izontal distribution is integrable. The main result of the first part is a reduction 
theorem. We reduce the acting group to a certain subtorus which is defined by the 
momentum map while reducing at the same time the codimension of the section. 
So let M be an irreducible Hermitian symmetric space of compact type endowed 
with a complex integrable polar action of a compact connected Lie group H and 
fj, : M — *■ t)* a momentum map for the i?-action. We will prove: 

Theorem (Reduction Theorem). Let p E M be a regular point of the H-action, £ 
the section through p and T := H^ p ^/ H p . Then: 

(i) E c := T c p is a totally geodesic submanifold of M which contains £ as a 
Lagrangian submanifold. 

(ii) The T-action on £ c is polar with £ as a section. 

(iii) The complexified section £ c splits as a product of complex projective spaces, 
i. e. £ c =P ni (C) x •■• xP„ fc (C). 

In the next section we will give applications of this theorem. We obtain several 
corollaries. The first one is a criterion for the hyperpolarity of the -H-action. 

Corollary. The H-action is hyperpolar if and only if there exists a totally geodesic 
momentum fiber through a regular point of the H-action. 

Moreover the Reduction Theorem enables us to show that the sections of the 
.H-action are necessarily products of real projective spaces. Compare this also to 
Theorem 5.4 of [Kol 2006] . where Kollross proves that a section of a polar action is 
covered by a product of spaces of constant curvature. 

Corollary. Let £ be a section for the H-action on M . Then £ is isometric to a 
product of real projective spaces, i. e. £ = P ril (M) x • • • x P rlfc (M). The H-action is 
hyperpolar if and only if Tlx = ■ ■ ■ = rife = 1. 

Observing that every polar action on a complex projective space is complex inte- 
grable this leads to a new conceptual proof of the fact that in this case a section must 
be a real projective space. This was first observed by Podesta and Thorbergsson in 
[PoTh 1999] . where they classified polar actions on the rank one spaces. 

Corollary. Let X be a complex projective space and H a connected compact Lie 
group acting polarly on X. Then the action is complex integrable and a section is 
isometric to a real projective space. 
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We also prove that complex integrable polar actions are provided by polar C- 
asystatic ones. 

Proposition. Let M be a compact homogeneous simply- connected irreducible Kdhler 
manifold and H x M — > M a polar C-asystatic action of a compact connected Lie 
group H . Then the H-action is complex integrable. 

One of the main difficulties in a further analysis is to understand the geometry of 
the torus actions of T = H^ p ^/H p and T c . What is the relation between a regular 
point p £ M and the torus T = H^u^/Hp, respectively T c l While the general case 
remains open due to fact that algebraic torus actions on generalized flag manifolds 
are only well understood if the torus in question is maximal, we obtain some further 
results for the series C I, i. e. M — Sp(n)/U(n). The key property of this spaces we 
will use is that they are symmetric spaces of maximal rank, i. e. rk G/K = rk G. 
First of all we identify the generic torus orbit type for M using results of Dabrowski 
[Da 1996] . 

Proposition. The generic torus orbit type for M = G/K = Sp(n)/U(n), i. e. the 
generic torus orbit type of a maximal torus T c C G c is isomorphic to the product 
of n complex projective lines. 

Note that this is the orbit type for the torus which is defined by the momentum 
map for the isotropy action on M, i. e. T = K^ p )/K p . It follows that for a 
hyperpolar action of maximal cohomogeneity the point p is contained in the non- 
degenerate stratum Z(T C ) of the Torus T c . This is the stratum which is defined 
by the intersection of the big cells of all Borel subgroups in G c which contain T c . 

Proposition. Let H x M — > M be a complex integrable hyperpolar action with 
maximal cohomogeneity of a compact connected Lie group on M — Sp(n)/U(n). 
Then every regular point p £ M is contained in the non- degenerate stratum Z(T C ) 
of the complexification of the torus T — H^ p ^/H p . 

The last section of this paper is concerned with polar actions on quaternion- 
Kahlcr symmetric spaces of compact type, i. e. the so-called Wolf spaces. The first 
result generalizes the main result of PoTh 2002] to the quaternionic case. 

Theorem. Let M be a Wolf space and H a connected compact Lie group acting 
polarly on M . Then the H-action is quaternion- coisotropic. 

For this result we will make essential use of the classification result of Kollross 
Kol 2006] . The main difficulty in generalizing the proof of the analogous result for 
the Kahler case is that we cannot guarantee the existence of a quaternionic orbit. 
However we will show: 

Theorem. Let M be a Wolf space and H a compact connected Lie group acting 
isometrically on M. Then the H-action admits at least one of the following orbits: 

(i) a complex orbit, 

(ii) a totally geodesic quaternionic orbit, 

(iii) a 1i-quotient of a complex orbit in the twistor space Z of M . 

Acknowledgments. I would like to thank my teacher Professor Gudlaugur Thor- 
bergsson, who supported me since the very beginning of my studies. Without his 
patience and constant encouragement this work would not have been possible. 

2. Basic properties of polar actions 

In the following we will collect some well-known facts about polar actions. The 
main references are [PaTe 1987] and [PaTe 1988] , First of all it is easy to see that 
for all g G G the translated section gT, is again a section. Together with the fact 
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that £ intersects every orbit, we see that there exists a section through every point 
of M. If p G M is a regular point of the G-action then the section through p is 
uniquely determined. It is just the image of the normal space of the orbit G-p under 
the exponential map of M. Given any polar action, the slice representation, i. e. the 
restriction of the isotropy representation to the normal space, is again polar. If £ 
is a section through p then T p Yi is a section for the slice representation. The orbit 
structure of polar representations is well understood. Dadok [Dad 1985] has proven 
that every polar representation of a compact connected Lie group is orbit equivalent 
to the isotropy representation of a symmetric space. Together with the facts about 
the slice representation mentioned above this turns out to be an important tool for 
the analysis of polar actions. It is also well known, that a section is automatically 
totally geodesic. A proof can be found in |Te 2006J . 

3. Polar actions on Hermitian symmetric spaces 

3.1. Hermitian symmetric spaces as generalized flag manifolds. The main 
references for this section are |He 1962] . Bo 1991], |Hu 1975] . Let M be an irre- 
ducible Hermitian symmetric space of compact type. Then M can be realized as 
a quotient G/K, where G is a connected compact simple Lie group with trivial 
center and K is a maximal connected proper subgroup of G with discrete center. 
There are two other important geometric realizations of M, which we will use in 
the sequel: one as an adjoint orbit and the other as a generalized flag manifold. 

Let q — £©m be the corresponding Cartan decomposition of q. Then there exists 
an element z in the center of 6 such that ad z : m — > m gives the complex structure 
of M . Since z lies in the center of t, it is easy to see that K is the stabilizer in z 
for the adjoint action of G on g and hence M — Ad(G)-z. This description as an 
adjoint orbit will guarantee that later on all isometric actions of Lie subgroups of 
G on M are automatically Hamiltonian. 

On the other hand let G denote the complexification of G. Then M is a G c - 
homogeneous space and hence M — G c /P, where P is a parabolic subgroup of 
G c . 

There exists the following root-theoretical description of P: We fix a Cartan 
subalgebra t c C g c and consider the root system A = A(g c , t c ) of q c with respect 
to t c . Let A + denote the set of positive roots for some ordering of A and n C A + 
the set of simple roots. Then 

a£A+ 

is a Borel subalgebra and the parabolic algebras p with p D b are in one-to-one 
correspondence with subsets up of tt. The parabolic subgroups corresponding to 
Hermitian symmetric spaces are maximal ones and hence in this case the subset ttp 
arises from tt by deleting one root. More precisely: The sets ttp — tt\ {a} which 
give rise to Hermitian symmetric spaces are characterized by the condition that 
the coefficient of a in the sum description of the highest root of A is one. Let uii 
denote the fundamental dominant weight corresponding to the root a, £ 7r and V 
a G c -module with heighest weight 

5 = uji and heighest vector v$ G V, 

then we have 

G c /P^G c -[v s ] CP(V). 

Let B C G c be a Borel subgroup. The B-orbits in M are called Schubert cycles. 
From the Bruhat-decomposition of G c it follows that there exists a unique open 
and dense S-orbit in M, which is called the big cell of B in M. The Weyl group 
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W := Ng(T c )/T c operates simply transitive on the set B T of all Borel subgroups 
containing T c , so we can write 

B tC = {wB-w- 1 | w G W}, 

where B~ is the opposite Borel subgroup of £?, i. e. B B^ — T c . For each of this 
Borel subgroups one gets one big cell and the intersection of all these big cells is 
called the non-degenerate stratum Z(T C ). The big cell for B~ is just the J5~-orbit 
through the origin eP £ G/P and hence one has the following description: 

Z(T C ) = P| wB- W ~ 1 wP= P| wB-P= f] wB-P, 
wew wew w£W/w P 

where Wp is the subgroup of W generated by reflections ct £ TTp or alternatively 
W P = N P (T C )/T C . 

3.2. Torus actions and toric varieties. The main reference for this section is 
Oda 1988 . Since this is non-standard material from the differential geometric 
viewpoint, we allow ourselves to be a little more elaborate. The key idea is that 
toric varieties are in one-to-one correspondence to combinatorial objects called fans, 
which arc families of certain cones. Let us first define the notion of a toric variety: 

Definition 3.1. Let X be an irreducible normal scheme X over C which is locally of 
finite type over C and seperated. Then X is called a toric variety, if it containes an 
algebraic torus T c as an open set, such that X admits an algebraic action T c xl -t 
X which extends the group multiplication T c x T c — > T c . 

We now would like to define the involved combinatorial objects. Let N be & free 
Z-module of rank r, M its dual module, i. e. M := Hom^(N, Z) and (•, •) : MxN — > 
Z the canonical pairing. We define an algebraic torus Tjv by setting 

T N := N ®i C* = Hom z (Af, C*), 

then Tn is isomorphic to C* and N can be considered as its group of one-parameter 
subgroups, while M is its group of characters. An element n £ N gives rise to a 
one-parameter subgroup j n : C* — > TV by setting 

7„(A)(m) := \ {m ' n) for all A e C* and m E M 

and an element m G M defines a charakter x(m) : TV — * C* by 

X(m)(t) := t(m) for all t e T N . 

Let A/r and Mr be the mutually dual R- vector spaces 

N R := N ®i M and Mr := M ® z M = Homz(iV, M). 

Definition 3.2. A convex polyhedral cone a is a subset a C -/Vr suc/i that there 
exist elements ni, . . . , n s £ A/r wii/i 

ct = R>o^i + • • • + M>o^s- 

The cone a is called rational, if n\, . . . , n s can be chosen to lie in N . The dual cone 
<7 V C Mr is defined by 

(j v := {m £ Mr I (m, n) > 0,/or all n G <r}. 

^4 subset t C ct is called a face of a, if there exists an element Too G Mr such that 
to G ct v and 

t = ct (~l {nio} 1 := {n G ct {m ,n) = 0}. 
^4 /on A is a family of convex polyhedral cones in ./Vr subject to following conditions: 

(i) £ac/i ct G A is rational. 

(ii) £ac/i ct G A is strongly convex, meaning that ct D (—it) = {0}. 

(iii) Every face of a belongs to A. 

(iv) For ct, ct' G A, the intersection a n ct' is a /ace o/ct and ct'. 
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We now come to the fundamental result in this theory: 

Theorem 3.3. Via a covariant functor (N, A) — > TVemb(A) the category of fans 
is equivalent to the category of toric varieties over C. 

Remark 3.4. Here T/vemb(A) is defined as the union of certain sets U a : 

Tjvemb(A) := U a , where 

ctGA 

V a := {u : M n cr v -> C | u(Q) = l,u(m + m') = u{m)u{m') for m,m' G M Da y }. 

One can prove that these sets can be identified with algebraic subsets of C" and the 
conditions (i)-(iv) in the definition of a fan guarantee that these sets glue together 
to define a toric variety. 

3.3. The symplectic geometry of Hermitian symmetric spaces. Let (M,oj) 
be a symplectic manifold and H a compact connected Lie group acting on M by 
symplectomorphisms, i. e. g*uj = u> for all g G H . The action is called Hamiltonian if 
there exists a momentum map fj, : M — ► h*, which is by definition an _ff-equi variant 
map such that 

Lx i uj — d/U for all £ € F), 

where /jfi : M — > M is defined by fi^(x) := n(x)(£). Here denotes the vector 
field on M induced by £ G t) and Lx ( oj the contraction of lu hy X^. Let x G M and 
d/i x : T X M T^-jh* be the differential of /i. We then have 

kerd^ x = (T x H-x)^ := {v G T X M \ w(v,w) = for all w G T x H-x). 

In general the existence of a momentum map is not clear, however there are some 
special situations, where the existence of /x can be guaranteed. 

Let M be a coadjoint orbit for a Lie group G. Then the momentum map for G 
is just the inclusion of M into q* . Any action of a Lie subgroup H C G is again 
Hamiltonian and the momentum map for the _ff-action is just the projection on f)*. 
Another important situation is the following: Let H be a compact Lie group acting 
in a Hamiltonian way on M and JVcMa submanifold which is invariant under H. 
Then the if-action on M is again Hamiltonian and the corresponding momentum 
map is just the restriction of the original momentum map to N. 
Let N C M be a submanifold. We call N a coisotropic submanifold if 

(1) T p N^ G T p N 

for all points p G N. Let J G End (TM) be a compatible almost complex structure, 
i. e. uj(JX, JY) — uj(X, Y) and g(X, Y) := u>(X, JY) defines a Riemannian metric 
on M. Then condition ([1]) can be equivalently formulated as 

(2) v p N ± g Jv v N 

for all p G N, where v p N denotes the normal space of N in M, i. e. the normal 
bundle of N is totally real. We call a Lie group action on M coisotropic, if all 
principal orbits are coisotropic. 

Let M be now a Hermitian symmetric space of compact type. Then any isometric 
action on M is Hamiltonian, since M can be realized as an adjoint orbit. The 
following theorem links the theory of polar actions to that of coisotropic ones. 

Theorem 3.5 (PoTh 2002). A polar action on an irreducible compact homogeneous 
simply- connected Kahler manifold is coisotropic. 

So in other words the sections are totally real submanifolds of M. 

Another important theorem that characterizes coisotropic actions on compact 
Kahler manifolds is the following Equivalence Theorem of Huckleberry and 
Wurzbacher |HuWu 1990] , 
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Theorem 3.6 (HuWu 1990). Let M be a connected compact Kahler manifold with 
an isometric and Hamiltonian action of a connected compact group H . Then the 
following conditions are equivalent: 

(i) The H-action is coisotropic. 

(ii) The momentum map fx : M — > t)* separates orbits. 

(iii) The cohomogoneity of the H-action is equal to the difference between the 
rank of H and the rank of a regular isotropy subgroup of H. 

(iv) The space C°°(M) H of H -invariant functions on M is abelian with respect 
to the Poisson bracket. 

(v) The Kahler manifold M is projective algebraic, H -almost homogeneous 
and a spherical embedding of the open H c -orbit. 

Remark 3.7. The points (ii) and (iii) will be of special importance for our work. 

3.4. Proof of the Reduction Theorem. For a polar action on a Riemannian 
manifold the normal distribution to the principal orbits is integrable, a leaf is given 
by the intersection of a section with the set of regular points of the action. Now 
on a Kahler manifold the main result of [PoTh 2002J shows that the sections are 
totally real submanifolds, so it makes sense to define the following notion: 

Definition 3.8. Let M be an irreducible compact homogeneous simply- connected 
Kahler manifold and H a compact connected Lie group acting polarly on M . We 
call the H-action complex integrable if and only if the distribution 

V q :=T q E q ®JT q ^ q , qeM r 

is integrable. Here M r denotes the set of regular points of the H-action and S g is 
the unique section through q. 

The first observation concerning a complex integrable polar action is the follow- 
ing: 

Lemma 3.9. Let H X M — * M be a complex integrable polar action. Then the 
leaves of the distribution T> are automatically totally geodesic. 

Proof. Let X, Y be two local sections of V. We have to prove that the normal part 
of VxY with respect to T> vanishes. Here V denotes the Levi-Civita connection of 
M. We write X = X 1 + JX 2 and Y = Yi + JY 2 with Xi,Y, L sections of V such that 
X l (q),Y l (q) e T q ^ q . We then get 

VxY = VxyYx + V Xl JY 2 + Vjx 2 Yi + Vjx 2 JY 2 

= V Xl Yi + JV Xl Y 2 + [JX 2 ,Yx] + JV Yl X 2 + J([JX 2 ,Y 2 ] + JVy 2 X 2 ) 

which shows that VxY is tangent to T> since the sections are totally geodesic and 
the distribution T> is assumed to be integrable. □ 

Examples of complex integrable polar actions are provided by polar actions which 
are complex asystatic. Recall that an isometric Lie group action is called asystatic 
if the isotropy representation of a principal isotropy subgroup has no non-trivial 
fixed vectors on the tangent space of the corresponding orbit. In [A1A1 T993] it is 
proved that asystatic actions are polar and a section is given by the fixed point set 
of a principal isotropy subgroup. Now on a Kahler manifold there is the related 
concept of a C-asystatic action. This concept is introduced first in [PoT h~2002| and 
systematically studied in [GoPo 2006J , where such actions are called symplectically 
asystatic, but for polar actions we prefer the notion C-asystatic as we will explain. 
The following result is proved in [GoPo 2006J: 

Proposition 3.10. Let M be Kahler manifold endowed with an effective Hamil- 
tonian action of a compact group K . Let (L) be a principal isotropy type, M a core 
and c the cohomogeneity of the K-action. Then 
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(i) dim M > c + rk K - rk L; 

(ii) the equality in (i) holds if and only if the group [Nk{L)/L)° is abelian. 

The core of the if-action is defined as the closure of M L P\M r , where M L denotes 
the fixed point set of L. Now Gori and Podesta call the if-action symplectically 
asy static if in (i) equality holds. 

Let H be now a compact connected Lie group acting polarly on an irreducible 
compact homogeneous simply-connected Kahler manifold. Note that for this action, 
which is coisotropic, (i) reduces to 

dimM > 2c. 

Let p G M be a regular point and E the section through p. Then the tangent space 
of the ii-orbit through p splits as 

T p H-p = JTpE © {T p H-p n JT p H-p). 

Assume now that in (i) equality holds. Then this means that the isotropy H p has 
no non-trivial fixed vector on the maximal holomorphic subspace TpH-p n JT p H-p 
of TpH-p, so we define: 

Definition 3.11. The H-action is called C-asystatic if a principal isotropy subgroup 
has no non-trivial fixed vector on the maximal holomorphic subspace of the tangent 
space of the corresponding orbit. 

The following is an example of a polar C-asystatic action (cf. BiGo 2005J ) : 
Let M = G/K be the complex quadric Q n = SO(n + 2)/SO(2) x SO(n). Then 
the if-action on M is C-asystatic. A principal isotropy subgroup L is given by 
Z 2 x SO(n - 2) and {N K {L)/L)° = SO(2) 2 is abelian. 

We are interested in C-asystatic actions because of the following proposition: 

Proposition 3.12. A polar C-asystatic action is complex integrable and a leaf 
S p through a point p 6 M r is given by the intersection of M r with the connected 
component of the fixed point set of H p which contains p. 

Proof. Let S p denote the intersection of M r with the connected component of the 
fixed point set of H p which contains p. Since p is regular, H p acts trivially on 
TpYip © JTpS and hence T p S p D T p E p © JT p T, p . On the other hand T p M splits as 

TpM = TpH-p © T p Y,p = JT p T.p © (TpH-p n JT p H-p) © T p H p 

and we have seen that H p has no fixed points on T p H -p n JT p H -p, so we actually 
have TpSp — TpY^p © JTpYlp. 

The next step is to show that we have T X S P = T X Y, X © JT x Yi x for an arbitrary point 
x S Sp. Since a; is a regular point in the fixed point set of H p , we have H x = H p . 
Using the same notations and arguments as above we have T X S X — T x ^l x © JT X Y^ X7 
but M H * = M Hp and hence S x — S p and the claim follows. □ 

From now on we assume M = G/K to be an irreducible Hermitian symmetric 
space of compact type and H a connected compact Lie group. Moreover the in- 
action on M is assumed to be polar and complex integrable. Let /u : M — > f) be a 
momentum map for the ii-action, which clearly exists, since M can be realized as 
the coadjoint orbit of the full isometry group of M. Since H is compact, we have 
identified f) with its dual. 
We start with an elementary lemma: 

Lemma 3.13. Let p G M be a regular point for the H-action and S the section 
through p. Then ker(d/i p ) = JT p E. 
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Proof. First of all since p is regular T p Y, is precisely the normal space of the orbit 
H-p. The lemma follows then immediately from the standard fact that ker(d/z p ) = 
(TpHp)- 1 " , where J_ w denotes the orthogonal complement with respect to the Kahlcr 
form u) of M. □ 



Now define 

M M := {x G M | &miH-n(x) > dimH-^(y) for all y G M}, 

then in [HuWu 1990] it is proved that the set M M is open and that for all x G 
the restricted momentum map 

\l : H-x — ► H-/j,(x) 

is a principal (S^^-bundle, where r(x) :— dim (T x H-x) D (T x H-x) ± '-' . For a polar 
action we have the following refinement: 

Lemma 3.14. For any regular point p G M of the H-action T := H^ p ^/ H p is a 
torus with dim T = dim X . 

Proof. Since the f/-action is coisotropic we have T p H-p^-<" C T p H-p and hence 
r(p) = dim X for all regular points p. Hence it is enough to show that every regular 
point of the iJ-action is contained in M p . Since the set is open, it is enough 
to show that dim H ■ n{j>) is constant on the regular points of the iJ-action. For a 
regular point p G M we have 

T p H-p = JT p T, (T p H-p n JT p H-p) 

and T p H-p n JT p H -p is isomorphic to T^ p ^H ■ /i(p) via dfj, p , which proves the 
lemma. □ 



Now the torus T = H^^/Hp is at first an abstract torus and it is not clear how 
it acts on M. However on the Lie algebra level we have 

with t abelian. So in the following we mean by defintion that the notation T = 
H^p^/Hp is a symbol which stands for the torus which is defined by T = exp t. So 
T is a subgroup of H^ p ^ and hence clearly acts on M. 

Lemma 3.15. Let p G M be a regular point andT := H^tp-s/ H p . Then Tp> describes 
the fi-fiber through p, i. e. = T-p. Moreover we have T p T-p = JT p E. 

Proof. Viewing the restricted momentum map 

H : H-p -> H-fi(p) 

as the homogeneous fibration 

Hj Hp — ► Hj i? M ( p ) 

we see that H^ p yp is the fiber of the restricted momentum map. On the other hand 
we know that /i separates orbits since the action is coisotropic and hence H^ip) -p is 
the fiber of the full momentum map. By the definition of T it follows immediately 
that T-p = -ff^(p) -p- Let g G H^ p y Since is the centralizer of a torus it is 

connected and hence there exists X G IWp) with exp(X) — g. Write X = Xi + X-2 
with X\ G t and Xi G \) p . Since X\ and X2 commute we have 

gp = exp(X)p = exp(A"i)exp(A" 2 )p = exp(A"i)p G T-p. 

The last claim is clear from the equality ker(dfi p ) = JT p E. □ 
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Recall the distribution V denned by 

where q £ M r and E g is the unique section through q. This gives us a well defined 
distribution on M r and by assumption this distribution is integrable. We have seen 
in Lemma T3.9I that the leaves are totally geodesic although they are not complete, 
since the distribution V is only defined on the regular set of the f/-action. However 
since the ambient space is a symmetric space we can easily define a completion of a 
leaf S p . Let E be the section through p. Without loss of generality we can assume 
that p is the origin of M — G/K. Let g — t © p be the corresponding Cartan 
decomposition and m C p the tangent space of E. Then Lemma [3.91 implies that 
m © Jm is a Lie triple system. Hence the following definition makes sense: 

Definition 3.16. The complexification E c C M of a section E is defined by 

E c := exp p (T p E © JT p E), 

where p £ E is any regular point. 

The following proposition is then clear: 

Proposition 3.17. The complexification E c is a totally geodesic complex subman- 
ifold of M , which contains E. Moreover if p £ E c is a regular point, then the leaf 
of T> through p is an open subset of E c . // q £ E c is any regular point and E g 
is the section through q then E c is also the complexification of E g and we have 
E c = ex Pg (T g E g ffi JT 9 E 9 ). 

Remark 3.18. The next proposition will show that alternatively one can define 
E c := T c -p, where p £ E is a regular point and T = H^^/ H p . This is interesting 
in its own, since in general the closure of complex torus orbits can be highly singular. 

Proposition 3.19. Let p £ E be a regular point of the H-action on M and T = 
Hpi(p) I Hp. Then T acts effectively, isometrically and in a Hamiltonian way on E c . 

Proof. We will show that -ff M ( p ) acts on E c and that H p is the kernel of this action. 
Remembering the homogeneous fibration 

H/ Hp — > Hj H^p) 

we see that T p Hp^ -p = JT p E p and hence it follows for any g £ H^ p ^ that 

TgpH^-p = dg{T p H^ p yp) = dg(JT p E p ) = JT 9P E 5P C V gp , 

which shows that -H^(p) -p <Z S p <Z E c . Now we can show that for an arbitrary point 
x £ E c the orbit H^ p yx lies again in E c . Write x = exp p (w + Jw) with v, w £ T p E. 
Using the fact that H^r p \ acts isometrically we get for g £ -ff p ( p ) : 

gx = gexp p (v + Jw) = ex.p gp (dgv + Jdgw) £ E c , 

since we already know that gp £ E c and dgv + Jdgw £ T sp E c . 
It is easy to see that the T-action on E c is effective. We have to show that H p = 
P| geS c(i7 At ( p )) ? . The inclusion "D" follows from the trivial observation (H^p^) p = 
Hp while "C" follows from the equality E c = exp p (T p E © JT p E) and the triviality 
of the slice representation of H p on T p E. It is only left to prove that the action is 
Hamiltonian. But this is clear since the T-action on M is Hamiltonian and T leaves 
E c invariant. □ 

For the final proof we will need the following criterion for polarity: 

Proposition 3.20 ( |Go 2004] '). Let M = G/K be a symmetric space of compact 
type with a Riemannian metric induced from some Ad(G) -invariant inner product 
on the Lie algebra g of G. Consider a closed, connected subgroup H C G. By 
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replacing H by a conjugate, if necessary, we may assume that eK is a regular point. 
Write Q = t©p for the Cartan decomposition, denote by t) the Lie algebra of H , and 
define m = p fl f) 1 (i. e. m is the normal space to the H -orbit through eK). Then 
the action of H on M is polar if and only if the following two conditions hold: 

(i) [[m,m],m] C m 

(ii) [m,m] _L f). 

Proof of the Reduction Theorem. Since I) D t the polarity of the T-action is clear 
using the criterion of Gorodski. Since T acts effectively and isometrically we have 
T C Iso(£ c ) and hence rk(Iso(£ c )) > dim T = dim c £ c . On the other hand we 
have the general fact that for an irreducible Hermitian symmetric space N always 
dime N > rk(Iso(iV)) and equality holds if and only if N is a complex projective 
space. This shows E c = P ni (C) x • • ■ x P„ fe (C). This argument was also used in 
the proof of Corollary 1.4. in |PoTh 2003] . □ 

3.5. Applications of the Reduction Theorem. 

3.5.1. A hyperpolarity criterion. Let us return to the momentum map [i : M — ► f) 
of the if -action. If p £ M is a regular point of the if -action, then we have seen that 
the orbit T-p describes the momentum fiber through p. Interestingly these gives a 
criterion to distinguish a polar action from a hyperpolar one. More precisely: 

Proposition 3.21. Let M be an irreducible Hermitian symmetric space endowed 
with a complex integrable polar action of a compact connected Lie group if. The 
H -action is hyperpolar if and only if there exists a totally geodesic momentum fiber 
through a regular point of the H -action. 

First we will prove a lemma which describes a splitting of the induced torus 
action on the complexified section. 

Lemma 3.22. Let p £ £ c = P ni (C) x • • ■ x P„ fc (C) be a regular point of the H- 
action and T := H^^/Hp. Then T splits into T = (S 1 )" 1 x • ■ ■ x (S 1 ) nk such that 
the T-action is the product of polar actions of (S ) ni on P ni (C). 

Proof. This is trivial. One only has to observe that T is a maximal torus in the 
isometry group of £ c . □ 

The next lemma is also clear: 

Lemma 3.23. Let £' be a section for the H -action which is contained in E c . Then 
E' is also a section for the T-action on E c , where T = Huu^/Hp for any regular 
point p £ E c . Conversely any section for the T-action on E is also a section for 
the H-action on M . 

Proof. Pick a regular point x £ £'. Then there exists a section E C E c through x 
for the T-action. This means there exists an element t £ T with £-E = £. Since x 
is a regular point and T C H it follows that £' = E. The same argument proves 
the other direction. □ 

In [HuW u~l990] it was shown that for all p £ M M the torus orbit T ■ p with 
T := Harp's/Hp describes the /x-fiber through p. In our situation one can show that 
this torus describes not only the /it-fiber through p, but also the fibers on a larger 
set. More precisely: 

Proposition 3.24. Let p £ E c C M be a regular point of the H-action and T :— 
H^fps/Hp, Then T-x is the \i-fiber through x for all regular x £ E c . 

Proof. Let x £ E c C M be a regular point of the iJ-action and T' := H^ x ^jH x . If 
Yi x is the section for the H-action through x then it follows from the lemma above 
that E^ is contained in E c and that it is a section for the T-action as well as for 
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the T'-action. It follows that the sections for the T- and the T'-action are identical 
and hence the principal orbits of both actions coincide. □ 

Proof of Proposition \3.21\ Let us first assume that there exists a totally geodesic 
/i-fiber through a regular point p £ M of the iJ-action. Let E be the section through 
p and T := H^ p ^/H p . Then we know that T acts polarly on E c with £ as a section. 
Let N := T-p C £ c C M denote the totally geodesic /i-fiber through p. Pick two 
vectors u, v £ T p N and let R L denote the curvature tensor of a submanifold L C M. 
If g, J denote the metric and the complex structure of M we have 

g(i? E (Ju, Jv) Jv, Ju) = g(B? C (Ju, Jv)Jv, Ju) 

= g(R^ (u, v)v, u) — g(R N (u, v)v, u) = 0, 

since N is a totally geodesic orbit of a torus and thus flat. 

The converse direction follows from Lemma l3.22[ since it shows that for a hyper- 
polar action the T-action splits into a product of 5 1 -action on a product of Riemann 
spheres. □ 

3.5.2. The rank one case. Let X be a complex projective space. Then any totally 
geodesic submanifold of X is again a rank one space, hence it is known, that a 
section for a polar action on X must be again a rank one space. Thorbergsson 
and Podesta have proven in [PoTh 1999J by classifying all polar actions on X that 
a section is isometric to a real projective space. This will also follow from the 
following proposition: 

Proposition 3.25. Let M be an irreducible Hermitian symmetric space endowed 
with a complex integrable polar action of a compact connected Lie group PL . Let £ 
be a section for the PL-action. Then £ is isometric to a product of real projective 
spaces, i. e. £ = P ni (R) x ■ • • x P„ fc (R). The H -action is hyperpolar if and only if 

m = ■ ■■ = nk = l. 

Proof. We have seen that for a section £ the complexification E c is a product of 
complex projective spaces, i. e. E c = P ni (C) x • • • x P„ fc (C). Let p £ E be a regular 
point of the iJ-action and T = H p ^/H p . We have seen in Lemma [3.221 that the 
T-action splits into (5 1 )™ i -actions on P„ 4 (C). These actions are clearly conjugated 
to the action of the standard maximal torus in the isometry group of P ni (C), for 
which it is well known that it is polar with a section being isometric to P ni (R) . □ 

Proposition 3.26. Let X be a complex projective space and H a connected compact 
Lie group acting polarly on X . Then the action is complex integrable and a section 
is isometric to a real projective space. 

Proof. We have to show that the distribution V is integrable. This follows from 
the fact that any complex subspace in the tangent space of X is a Lie triple system 
(cf. [KoNo 1969] p. 277). It is then clear that we get a leaf by defining S p :— 
exp p (TpE p © JTpEp) DM r . The claim follows then from the proposition above since 
X is a rank one space. □ 

3.6. Hermitian symmetric spaces of maximal rank. In this section we will 
analyze polar actions on the Lagrangian Grassmannian of maximal isotropic planes 
in C 2n , i. e. the Hermitian symmetric space M = G/K — Sp(n)/U(n). The special 
property of this space that makes it interesting is the fact that it is a space of 
maximal rank, i. e. the rank of M is equal to the rank of its isometry group. This 
allows us to use some general results about toric varieties and torus actions on 
generalized flag manifolds. Recall the non-degenerate stratum Z(T C ) which was 
defined as the intersection of the big cells of all Borel subgroups containing a fixed 
maximal Torus T c . 
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Proposition 3.27. Let H x M — > M be a complex integrable hyperpolar action with 
maximal cohomogeneity (i. e. cohom(iJ, M) = rk G) of a compact connected Lie 
group on M . Then every regular point p € M is contained in the non-degenerate 
stratum Z(T C ) of the complexification of the torus T — H^t^J H p . 

The first observation concerning this stratum was made by Gel'fand and 
Serganova in [GcSc 1987 . First they define the notion of a thin cell. Let G 
be a complex semisimple Lie group and P C G c a parabolic subgroup. Then G c /P 
is a generalized flag manifold. Let B C G c be a Borel subgroup containing a fixed 
Cartan subgroup T c . The orbits of B in M are called the Schubert cells associated 
with B. 

Definition 3.28. For every Borel subgroup B containing T c we choose precisely 
one Schubert cell. The intersection of all these chosen Schubert cells is called a thin 
cell, if it is not empty. 

Remark 3.29. Let W = N G (T C )/T C denote the Weyl group. Then W acts simply 
transitively on the set of all Borel subgroups containig T . Let B be a fixed Borel 
subgroup containing T c and w G W . Choosing for the Borel subgroup wBw^ 1 the 
Schubert cell through wP we see that Z(T C ) is a thin cell. 

Let T be a compact real form of T c and fix '■ M — ► t the momentum map for the 
action of T on M. It is well known that the image of T c -p under the momentum map 
is a convex polytope for all p G M [At 1982] . [GuSt 1982j . We have the following 
result of Gel'fand and Serganova: 

Theorem 3.30 (Theorem 1 in § 6 of GcSc 1987]). For two points p,q G M we 
have /jt(T c -p) — [iT(T c -q) if and only if p and q lie in the same thin cell. 

Remark 3.31. It is important to note that this theorem does not imply that T c -p 
and T c -q are isomorphic as toric varieties. The general theory of toric varieties is 
not directly applicable, because nothing is said about the normality of these varieties. 
This is a mistake Flaschka and Haine make in [FlHa 19 91 . Their results only hold 
for those torus orbit closures in G / P which are normal. In particular contrary to 
what is claimed by them, there exist torus orbit closures in Z(T ) which are not 
isomorphic. 

However one can show that there exists an open subset of the non-degenerate 
stratum Z(T C ) such that all torus orbit closures are normal and isomorphic as toric 
varieties, as was done by Dabrowski [Da 1996] , Let us call this set Y and torus orbit 
closures of elements in Y generic. We will not go into the detailed description of 
this set, since we do not need it. We just briefly state the main result of [Da 1996] : 

Theorem 3.32 (Theorem 3.2 of |Da 1996] ). Let x G Y C G c / P and 

X := Wx. Then: 

(i) X is a normal variety. 

(ii) The fan corresponding to X consists of the cones 



together with their faces. In particular the closure of any two orbits in Y 

are isomorphic as T c -equivariant embeddings. 
Here D denotes the fundamental Weyl chamber with respect to a chosen basis of 
simple roots, Wp is the subgroup of the Weyl group generated by the simple roots 
defining P and W p is a fixed set of representatives of the coset space W/Wp. 

The next step will be to identify the generic torus orbit type for M — Sp(n) /U(n). 
As we have seen, this can be done by identifying the fan describing this toric variety. 




zeWp 
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Let A := {±(e fc ± e,) | 1 < j,k < n,j / k} U {2ci 1 < i < n} be 
the root system of g c = sp(n, C). Then a set of simple roots is given by ir = 
{ai, . . . , a„} with aij = ej — for j = 1, . . . ,n — 1 and a n = 2e n . The par- 
abolic subgroup P C G c associated to np :— {ai, . . . , a n _i} realizes M as the 
quotient G c /P. We realize this root system in an euclidean space (E, (•, ■)) and 
denote by W the Weyl group of it and by Wp the subgroup of W generated 
by reflections s a with s a G Tip. Let D denote the fundamental Weyl chamber 
{v G E | (v, a) > for all a S tt}. We have the following lemma: 

Lemma 3.33. {J zeW zD = {v € E \ (v, e,) > 0, i = 1, . . . , n} 

Proof. Let L denote the right hand side. The first step will be to show that DcL. 
So let v G D then (ej — ej + i,v) > for all j G {1, ...,n— 1} and (e n ,v) > 0. 
Setting j = n — 1 and looking at the inequalities (e n _i — e n , f ) > and (e n , v) > 
we see that (e„_i,u) > 0. Inductively we obtain {e-i,v) > for all i G {1, . . . ,n}, 
so D C -L. Now we will show that the reflections s a with a G 7Tp leave L invariant. 
Recall that the reflection s a is given by s a (w) = w — 2 ^ a °^ o, we then obtain for 
w G L and i G {1, . . . , n — G {1, . . . , n}: 



so s ei _ ei+1 (ui) G £. Since the reflections s Q with a G 7Tp generate VFp, we see that 
Wp leaves L invariant and hence U z ew> z ^ 

Now let v G L. Then u = X)«=i a i e « w hh G R>o and the reflection s aj — 
Sej-ej+i a cts on v by permuting the coefficients aj and aj +1 . It is then clear that 
there exist numbers i\,...,ik G {!,..., n — 1} sucht that 
w := s aii ■ ■ ■ s ai (v) — X)"=i Ciei w ith ci > C2 > • • • > c„ > 0. It follows 
(to, — e^+i) = Ci — c J+ i > for all i G {1, . . . , n — 1}, i. c. w G I? and hence 
v G z-D with z = (s aii ■ ■ ■ Sq^)" 1 . Since z G Wp the proof of the lemma is com- 
plete. □ 

Proposition 3.34. The generic torus orbit type for M is isomorphic to the product 
of n complex projective lines. 

Proof. Let Q e± ,...,e n '■= {S"=i £ i a i e i I a i G ^> } with Si G {1, —1} and Q the set of 
all such Q Sl ,...,e n - For the proof of this proposition it will be enough to show that 



First of all we note that thanks to Lemma [3.331 IJ. . cl ^ zD = Qx,...,x- ^ s already 
seen the reflection s aj with 1 < j '<< n — 1 acts on v = X)"=i a « e « permuting the 
coefficients aj and dj+i. For the reflection s Qn we have 



and hence = Q eij ..., En for any w € W and some £$ G {1,-1}. It follows 

that the right hand side of is contained in the left hand side. Conversely we can 
create any Q £l ....,e n £ Q starting with by successive applications of s an (in 

order to create a minus sign) and the s a . with 1 < j ' < n — 1 (in order to bring the 
minus sign at the right place). Now it is easy to see that Q describes indeed the 




(3) 




zD | w G W}. 



zGW P 




fan of Pi(C) 



□ 



We will now prove Proposition ^. 271 
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Proof of Proposition \3.21\ Let p G M be a regular point of the iJ-action. It follows 
from the Reduction Theorem that the complexification of the section through p is 
isomorphic to a product of complex projective lines and hence T c -p = Pi(C) n . Let 
fiT ■ M — > t* denote the momentum map for the T-action on M. Let L T denote 
the set of T-fixed points in L for a subset L C M. Let q G Z(T C ) c M be a point 
that realizes the generic torus orbit type of M. First we observe that the Euler 
characteristic of M is 2™ (see for example SCM 1997]) and hence both (T c -p) T 
and (T c -q) T contain all T-fixed points in M. Let conv(i?) denote the convex hull 
of a subset R C t. Using the convexity results of [At 1982] . [GuSt 1982] . |Ki 1984] 
we obtain 

Ht(T c - P ) = conv(^((T c -p) T )) = conv(A/ T ) = conv(^((T c -q) T )) = fi T (T c -q), 

i. e. the momentum images of the torus orbit closures through p and q are identical 
and hence it follows with Theorem 13.301 that p G Z(T C ) and the proposition is 
proven. □ 

4. Polar actions on Wolf spaces 

Let us briefly recall the basic results about quaternion-Kahler manifolds, mainly 
to fix notations. We omit all proofs that can be found easily in the literature. 

Let H™ denote the quaternionic n-space. We can identify H n with R 4n such 
that the standard Euclidean inner product is given by (u, v) = Re(u*w), where 
* denotes transposing and quaternionically conjugating the entries. We can then 
define Sp(n) := {A e GL(n, H) | (Au, Av) for all u,v G H™}. It is easily seen that 
the action of Sp(n) on M. 4n is isometric, so Sp(n) C SO(4n). However Sp(n) is not a 
maximal subgroup of SO(4n) since it commutes with the right multiplication with 
Sp(l). One then defines Sp(n)-Sp(l) := Sp(n) x Sp(l)/Z 2 , where Z 2 is generated 
by (—Id, —1) and this group is indeed a maximal subgroup of SO(4n) ( |Gr 1965] ). 
Now Sp(n)-Sp(l) appears also in the holonomy list of Berger so it is completely 
natural to define: 

Definition 4.1. A 4 n ~ dimensional (n > 1) Riemannian manifold is called qua- 
ternion- Kdhler if its holonomy group is contained in Sp(rt) • Sp(l). If n = 1 we 
additionally require M to be Einstein and self-dual. 

There exists the following equivalent definition from a slightly different viewpoint: 

Definition 4.2. Let (M,g) be a Riemannian manifold. We call M a quaternion- 
Kdhler manifold if there exists a parallel rank three subbundle Q C End(TM) which 
is locally spanned by three almost complex structures I, J, K satisfying the usual 
quaternionic relations. 

An important tool in the analysis of quaternion-Kahler manifolds is the so called 
twistor space. Consider the unit-sphere subbundle Z of the quaternionic bundle 
Q c End(TM). Let /, J, K be a local basis of Q around a point p £ M as in the 
Definition 14.21 Then the p-fiber of Z consists precisely of those linear combinations 
of /, J, K which are complex structures on T p M. We call Z the twistor space of 
M. For a point x G Z p := ir~ l (p) we denote by I(x) the complex structure defined 
on T p M. One can prove that for a general quaternion-Kahler manifold M the 
twistor space Z admits a natural complex structure, however for quaternion-Kahler 
spaces with positive Ricci curvature one has even more as was shown by Salamon 
f [Sa 1982] ): 

Theorem 4.3. Let M be a quaternion-Kahler manifold with positive Ricci curva- 
ture and dimM > 4. Then its twistor space Z admits a Kdhler- Einstein metric 
with positive Ricci curvature such that the projection ir : Z — > M is a Riemannian 
submersion with totally geodesic fibers. 
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The natural complex structure J of Z is pretty easy to describe. Let H (resp. 
V) denote the horizontal (resp. vertical) subbundle of the Riemannian submersion 
7T : Z — > M. A point z € Z corresponds to a complex structure I(z) on T„^M. 
This gives a complex structure on Tt z via 71% . On V z we get a complex structure by 
the canonical complex structure of the fiber S 2 . 

Now if M is a Wolf space then its twistor space is even homogeneous. A Wolf 
space is a quaternion-Kahler symmetric space of compact type and it can be written 
as M = G/K-Sp(l), where G is a simple Lie group. The twistor space of M is then 
given by Z = G/K-XJ(1) for some U(l) C Sp(l) and the twistor fibration is just the 
homogeneous fibration 

Sp(l)/U(l) <-> G/K-U(l) -» G/A-S P (1). 

For a local section I of Z one can then define a local two-form uj by setting u>i(-, •) := 
<?(/•, •). Analogously to the symplectic case we define: 

Definition 4.4. Let N be a submanifold of a quaternion-Kahler manifold M . We 
call N a quaternion- coisotropic submanifold if and only if 

for all p £ N and all sections I of Z locally defined around p. As in the symplectic 
case this is equivalent to saying that all normal spaces of N are totally real with 
respect to Z . We call a Lie group action quaternion- coisotropic if and only if all 
principal orbits are quaternion- coisotropic. 

In the next section the twistor space will be useful for us in the analysis of 
Kahler submanifolds of a quaternion-Kahler manifold. The following concepts are 
due to Alekseevsky and Marchiafava |AlMa 2001] . [AlMa 2005] . In the following M 
is assumed to be a positive quaternion-Kahler manifold, i. e. the Ricci curvature of 
M is positive. 

Definition 4.5. A submanifold N of a quaternion-Kahler manifold (M,g,Q) is 
called almost complex if there exists a section J £ F(Q\ N ) such that 

(i) J 2 = -Id, 

(ii) JTN — TN . 

If J\ TN is integrable then (N, J) is a complex manifold. 

Definition 4.6. An almost complex submanifold (A, J) of (M,g,Q) is called su- 
percomplex if 

V JX J- JVxJ = forallXeTN, 
where V is of course the Levi-Civita connection of (M,g). 

We will need the following two results: 

Proposition 4.7 (Theorem 1.1 of [AlMa 2001] ). Let (N,J) be an almost com- 
plex submanifold of M with dim A > 2. Then N is complex if and only if it is 
supercomplex. 

Remark 4.8. Note that an almost complex manifold of dimension two is automat- 
ically complex. 

Proposition 4.9 (Corollary 4.6 of [AlMa 2005 ). Let X be a complex submani- 
fold of the twistor space Z of M and assume that the restricted twistor projection 
7r : X Y := tt(X) is a diffeomorphism. Then Y is a supercomplex manifold of M 
and any supercomplex manifold of M has such form. 

Let (X, ui) be a compact simply-connected irreducible homogeneous Kahler man- 
ifold and H a compact connected Lie group acting polarly on M. Then it is known 
that the ff-action is coisotropic ( |PoTh 2 002 ]). In other words the sections for the 
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iJ-action are totally real with respect to the complex structure </, i. e. T p S _L JT p S 
for all sections ScM and all points p £ E. 

Now let M be a Wolf space endowed with a polar action of a compact connected 
Lie group H. Although there does not exist a complex structure on M, we can still 
ask a similar question: Let Z C Q C End(TM) be the twistor bundle. Are the 
sections of the iJ-action totally real with respect to Z? More precisely we would 
like to prove: 

Theorem 4.10. Let M be a Wolf space and H a connected compact Lie group 
acting polarly on M. Then the H -action is quaternion- coisotropic, i. e. the sections 
are totally real with respect to Z . 

Let us briefly recall the proof of the Kahler case ([PpTh 2002 ). There the key 
observation is, that the iJ-action on X admits a complex orbit. Hence there exists a 
polar slice representation on a complex vector space and basically Dadoks Theorem 
allows to show that the sections for the slice representation are totally real. So 
the first idea in the quaternion-Kahler case would be to search for a quaternionic 
orbit of the if-action. We cannot guarantee the existence of a quaternionic orbit, 
however we will prove the following result: 

Theorem 4.11. Let M be a Wolf space and H a compact connected Lie group 
acting isometrically on M . Then the H-action admits at least one of the following 
orbits: 

(i) a complex orbit, 

(ii) a totally geodesic quaternionic orbit, 

(hi) a 1%- quotient of a complex orbit in the twistor space Z of M. 

The key idea for the proof of this result is to lift the H-action to a holomor- 
phic action on the twistor space Z — > M. There one can find a complex orbit 
(cf. the appendix) and project this orbit down to M to find a good candidate for a 
quaternionic orbit. 

Lemma 4.12. Let M be a Wolf space and ir : Z — > M the twistor fibration. Let H 
be a compact connected Lie group acting isometrically on M . Then the H-action 
lifts to an equivariant action on Z and there exists a complex H -orbit in Z . 

Proof. Let G denote the identity component of the isometry group of M. Then an 
element g £ G acts on Z by sending a complex structure J to the complex structure 
g(J) — g*Jg~ x . Nitta and Takeuchi |NiTa 1987] have proven that the correspon- 
dence g <-> g realizes G as a real form of the identity component of holomorphic 
automorphisms of the contact structure on Z (see also [PoSa 1 991 V This means 
that H c acts on Z and if H c = H -S is the Iwasawa decomposition of H c then S 
has a fixed point z in Z by the Borel fixed point theorem. The i?-orbit through z 
is complex since H c -z = H-S-z = H-s. Actually this is only a rough sketch of the 
proof, since H need not be semisimple and hence the Iwasawa decomposition is not 
defined. However this is only a technical problem since one can pass to a certain 
cover of H. For the full details confer |Te 2006] . □ 

Lemma 4.13. Let M be a Wolf space andir : Z — > M the twistor fibration. Assume 
that a compact connected Lie group H acts equivariantly with respect to tt on M 
and Z . Lf for z £ Z the orbit H-z is complex and tt~ 1 (tt(z)) C H-z then all complex 
structures in the fiber (n{z)) leave the tangent space in tt(z) of H-ir(z) invariant. 

Proof. Let x £ 7r -1 (7r(,2)) and X £ T n r z \H-Tr(z) = T n ( x \H-Tr(x) = ir*T x H-x. Choose 
a vector X' £ T x H-x with X = n*X' '. We then have 

I(x)X = J(a)7r.X' = rr* JX' 

and hence I(x)X £ T^ z )H--k{z), since JX' £ T x H-x. □ 
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We now come to the proof of Theorem 14.111 

Proof of Theorem \4-H\ Let tt : Z — > M be the twistor fibration. We have seen that 
the i7-action lifts to an action on Z and that there exists a point zq G Z such that 
H -zo is complex. We set po '■= 7r(zo) and we will prove that the orbit H-po C M is 
of the required type. Let us first assume that the restriction it : H -zq — > H-po of 
tt to the orbit in Z is a diffeomorphism. Then Corollary 4.6 of |AlMa 2005] shows 
that H-po is a supercomplex submanifold of M and Theorem 1.1 of [AlMa 2001] 
implies that H -po is a complex submanifold of M. 

So let us now assume that the restriction of tt is not a diffeomorphism. There are 
two possibilities for tt: Either there exists a point x G H-zq such that the differential 
of tt in this point has not full rank or tt is not injective. Let us first assume the 
former one. Without loss of generality we can assume that x — zq. We will prove 
that in this case H-po is a quaternionic orbit. Let v G ker (Mt Zo be a non-trivial 
vector. Since the orbit H-zq is complex we have Jv G T Zo H-zq. Then 

dfr ZQ Jv = L(z Q )dit Zo v = 

shows that the vertical part V zo of T zg Z is contained in ker dit zo . Since tt is equivari- 
ant with respect to the 77-action we even have V z C T z H-zq for all z G H-zq. This 
shows that for all z G H-Zo the 7r-fiber thorugh z is contained in H-zq. Then Lemma 
14.131 immediately shows that the orbit H-po is quaternionic. The fact that H-po is 
totally geodesic follows from the well known fact that a quaternionic submanifold is 
automatically totally geodesic (cf. [Gr 1965] ). Now we come to the last case: The 
restriction it is not a diffeomorphism but its differential has full rank everywhere. 
This means that it is not injective, i. e. there exists a point x G H ■ zq such that 
the cardinality of the set 7r _1 (7r(x)) (~l H-zq is bigger than one. Assume that there 
exist two points zi,Z2 G it^ 1 (it(x)) R H-zq such that the complex structures I{z\) 
and I{z2) are linearly independent. Then I(z\)I(z2) is a third linearly independent 
complex structure and since all these complex structures leave T po H-po invariant it 
follows that the orbit H-po is quaternionic. Clearly there exist two linearly inde- 
pendent complex structures in it~ 1 (it(x)) n H-zq as soon as the cardinality of this 
set is greater or equal to three. So let us assume that the cardinality is precisely 
two. Moreover we can assume that the two distinct points in ir- 1 (ir(x))r\H ■zq are 
antipodal to each other because otherwise the corresponding complex structures 
would be linearly independent. It follows that it : H-zq — > H -po is a two- fold cov- 
ering since it is a surjective local diffeomorphism and H-zq is a complete connected 
manifold. □ 

As long as this proposition cannot be improved a direct generalization of the 
proof of [PoTh 2002| is not possible. However Theorem 14.101 can be proved if one 
uses the following recent classification result of Kollross: 

Theorem 4.14. Let M be a compact symmetric space of rank greater than one 
whose isometry group G is simple. Let H C G be a closed connected non-trivial 
subgroup acting polarly on M . Then the action of H on M is hyperpolar, that is, 
the sections are flat in the induced metric. Moreover, the sections are embedded 
submanifolds. 

The higher rank case follows then from the next Lemma. 

Lemma 4.15. Let H be a connected compact Lie group acting hyperpolarly on 
a Wolf space M = G/K . Then the sections are totally real with respect to the 
quaternionic structure. 

Proof. Let g = t®p denote the corresponding Cartan decomposition and sp(l) C t 
the subalgebra defining the quaternionic structure, which means there exist three 
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generators Z\, z 2 , z 3 G sp(l) such that 

ad 2l : p — > p i = 1,2,3 

are complex structures in the origin defining the quaternionic structure. Let £ C M 
be a section for the ii-action and m C p its tangent space in the origin. It follows 

(m,ad Zi (m)) = (m, [zi,m]) = (z i: [m,m]) = 

which proves the lemma. □ 

The proof of Theorem 14.101 follows then from the following proposition: 

Proposition 4.16. Let M be a rank one quaternion- Kdhler symmetric space, 
i. e. M = P n (H) and H a connected compact Lie group acting polarly on M. 
Then the sections of the H -actions are totally real with respect to the quaternionic 
structure. 

Before we come to proof we cite a result of Podesta and Thorbergsson |PoTh 1 999J 
which we will need: 

Theorem 4.17. Let H be a connected compact Lie group acting polarly on P n (H) 
(n > 1). Then the H -action is orbit equivalent to an action induced by the isotropy 
representation of(U,K) — H^ =1 (Ui, Ki) such that the factors Ui/Ki are quaternion- 
Kahler symmetric spaces, where at least k — 1 of them have rank one. 

Proof of Proposition \4-16\ We briefly recall how the quaternionic structure on M = 
P n (H) can be constructed from the one of EP +1 . We write M as the quotient 
(H" +1 \{0})/H* with respect to the natural right multiplication of H* on H n+1 \{0}. 
We can identify H™ +1 with R 4n + 4 , so let (•, •) denote the standard inner product. 
We then get an Sp(l)-principal bundle 

Sp(l) <-> S 4n+3 -^P„(H). 

Let p G P n (H) be an arbitrary point and z G it~ l {p). The quaternionic structure 
of P n (H) in the point p, i. e. on the tangent space T p F n (M) can be constructed as 
follows: Let H z C T z S 4n+3 denote the horizontal space with respect to (■, ■), i. e. 

H z := kerdn^ = {w G H n+1 \ 0= (z,w) = (zi, w) = (zj,w) = {zk,w)}, 

then 7i z is invariant under right multiplication with i,j, k and this gives via the 
isomorphism dn z : Ti. z — > TpP n (H) the desired quaternionic structure: For example 
one defines I : T p P n (H) -> T p P„(H) by setting for X G T p P n (H): IX := dn z {Xi), 
where X G TL Z with dn z X = X. 

Consider first the case P n (HI) with n > 1. Let S C P n (H) be a section for the 
iJ-action. The above cited result of Podesta and Thorbergsson implies that there 
exist a symmetric pair (U, K) such that we can assume that S is the projectivization 
P(a) of a linear section a G p = H" +1 for the if -action on p, where u = I © p is 
the corresponding Cartan decomposition. Now we decompose u into its irreducible 
components u = Ym=i u » an< ^ consider the corresponding Cartan decompositions 
u; = 6; © pi- The complex structures I, J, K : p — > p defining the quaternionic 
structure decompose into Ii,Ji,Ki : pi — > pi such that each of them has the form 
ad™ for some w G l t . Let z G a n S in+3 C p HP+ 1 . 
We claim that z i nocH 2 . Let i £ z 1 fl o. We will have to prove 

= (Iz, x) = (Jz, x) = (Kz, x) , 

but this follows easily: Decompose a = YliLi a i such that each a/ is a section for 
the polar action of Ki on p; and write 

m m 

x = '^xi, z = y]zi, h = ad Wl with xi,zi e ai, wi € h- 
i=i i=i 
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We then get 

/ m m \ m m 

(Iz,x) = (l^Zh^Xr) =^2(Iiz h xi) = ^2([wi > z],x) =0. 

\ 1=1 r=l / {=1 1=1 

The same calculations with J and K prove the claim. 

Now let X,Y e T w(z) S = T 7r(z) P(d) and X',Y' <E z^ D a C H z with dn z X' = X 
and dir z Y' = Y. Let g denote the Riemannian metric of P n (H) and / the complex 
structure on T 7r ( z )P„(H) defined by /. We get 

g(IX, Y) = g(dTr z IX', dn z Y') = (IX', Y') = 0, 

i. e. T W ( Z )E is totally real with respect to /. Of course the argument carries over to 
the other two complex structures. 

Now assume n = 1, i. e. M = S* 4 . Polar actions on spheres are restrictions of polar 
representations. If follows from Dadoks result |Dad 1985] that all polar actions on 
S 4 have cohomogeneity one and hence they are trivially quaternion-coisotropic. □ 
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